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Ideal Reactors



Ideal Reactors
Both plug-flow and mixed-flow reactors are elongated rectangular basins, assumed 
to be well-mixed laterally (y) and vertically (z). Thus we are concerned only with 
variations in the longitudinal dimensions (x). 

∆𝑉𝑉
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

= 𝐽𝐽𝑖𝑖𝑖𝑖𝐴𝐴𝑐𝑐 − 𝐽𝐽𝑜𝑜𝑜𝑜𝑜𝑜𝐴𝐴𝑐𝑐 ± 𝑟𝑟𝑟𝑟𝑟𝑟𝜕𝜕𝜕𝜕𝑟𝑟𝑟𝑟𝑟𝑟

where ∆𝑉𝑉 = volume of the element (L3) = Ac ∆𝑥𝑥
Ac= cross-sectional area (L2); BH
B = channel width (L)
H = depth (L)

Jin and Jout = flux of mass in and out of the element due to transport (ML-2T-1)
reaction    = gain or loss of mass within the element due to reaction (MT-1)



Ideal Reactors

∆𝑉𝑉
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
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Plug-Flow Reactor (PFR)

∆𝑉𝑉
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
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The plug flow reactor is a system where advection dominates. E.g. a “plug” 
of dye remains intact as it passes through the reactor. 

The flux into the element is:
𝐽𝐽𝑖𝑖𝑖𝑖 = 𝑈𝑈𝜕𝜕

where U = velocity (LT-1) = Q/Ac. The flux out is estimated by a first-order 
Taylor-series expansion,

𝐽𝐽𝑜𝑜𝑜𝑜𝑜𝑜 = 𝑈𝑈(𝜕𝜕 +
𝜕𝜕𝜕𝜕
𝜕𝜕𝑥𝑥

∆𝑥𝑥)



Plug-Flow Reactor (PFR)

∆𝑉𝑉
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
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Plug-Flow Reactor (PFR)

Assuming first-order decay reaction,
𝑟𝑟𝑟𝑟𝑟𝑟𝜕𝜕𝜕𝜕𝑟𝑟𝑟𝑟𝑟𝑟 = −𝑘𝑘∆𝑉𝑉 ̅𝜕𝜕

where the bar over the c denotes the average value for the element. 

∆𝑉𝑉
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

= 𝐽𝐽𝑖𝑖𝑖𝑖𝐴𝐴𝑐𝑐 − 𝐽𝐽𝑜𝑜𝑜𝑜𝑜𝑜𝐴𝐴𝑐𝑐 ± 𝑟𝑟𝑟𝑟𝑟𝑟𝜕𝜕𝜕𝜕𝑟𝑟𝑟𝑟𝑟𝑟

becomes

∆𝑉𝑉
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

= (𝑈𝑈𝜕𝜕)𝐴𝐴𝑐𝑐 − 𝑈𝑈(𝜕𝜕 +
𝜕𝜕𝜕𝜕
𝜕𝜕𝑥𝑥

∆𝑥𝑥)𝐴𝐴𝑐𝑐 − 𝑘𝑘∆𝑉𝑉 ̅𝜕𝜕

combining terms:

∆𝑉𝑉
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

= −𝑈𝑈(
𝜕𝜕𝜕𝜕
𝜕𝜕𝑥𝑥

∆𝑥𝑥)𝐴𝐴𝑐𝑐 − 𝑘𝑘∆𝑉𝑉 ̅𝜕𝜕



Plug-Flow Reactor (PFR)

∆𝑉𝑉
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

= −𝑈𝑈(
𝜕𝜕𝜕𝜕
𝜕𝜕𝑥𝑥

∆𝑥𝑥)𝐴𝐴𝑐𝑐 − 𝑘𝑘∆𝑉𝑉 ̅𝜕𝜕

Dividing by ∆𝑉𝑉 = 𝐴𝐴𝑐𝑐∆𝑥𝑥 and taking the limit (∆𝑥𝑥 → 0)
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

= −𝑈𝑈(
𝜕𝜕𝜕𝜕
𝜕𝜕𝑥𝑥

) − 𝑘𝑘𝜕𝜕

At steady-state Eq. above becomes:

0 = −𝑈𝑈
𝑑𝑑𝜕𝜕
𝑑𝑑𝑥𝑥

− 𝑘𝑘𝜕𝜕

which if 𝜕𝜕 = 𝜕𝜕𝑜𝑜 at 𝜕𝜕 = 0, it can be solved for:

𝜕𝜕 = 𝜕𝜕0𝑟𝑟
−𝑘𝑘𝑈𝑈𝑥𝑥
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Comparison of the CSTR and 
the PFR
A way to compare the efficiency of the CSTR to the plug-flow reactor is 
through the residence time (𝜏𝜏𝑤𝑤).  

𝜕𝜕 = 𝜕𝜕𝑖𝑖𝑖𝑖
𝑄𝑄

𝑄𝑄 + 𝑘𝑘𝑉𝑉
The performance efficiency can be defined in terms of the transfer 
function:

𝛽𝛽 ≡
𝜕𝜕
𝜕𝜕𝑖𝑖𝑖𝑖

=
𝑄𝑄

𝑄𝑄 + 𝑘𝑘𝑉𝑉
dividing the numerator and the denominator by Q gives 

𝛽𝛽 =
1

1 + 𝑘𝑘𝜏𝜏𝑤𝑤
where 𝜏𝜏𝑤𝑤 = water residence time = V/Q. 



Comparison of the CSTR and 
the PFR

𝛽𝛽 =
1

1 + 𝑘𝑘𝜏𝜏𝑤𝑤
where 𝜏𝜏𝑤𝑤 = water residence time = V/Q. This can be solved for 𝜏𝜏𝑤𝑤…

𝜏𝜏𝑤𝑤 =
1
𝑘𝑘

1 − 𝛽𝛽
𝛽𝛽

Similarly the efficiency of PFR can be defined by:

𝛽𝛽 ≡
𝜕𝜕
𝜕𝜕𝑖𝑖𝑖𝑖

= 𝑟𝑟−
𝑘𝑘
𝑈𝑈𝑥𝑥

Recognizing that the residence time of PFR is equal to L/U. 
𝛽𝛽 = 𝑟𝑟−𝑘𝑘𝜏𝜏𝑤𝑤

Solved for 𝜏𝜏𝑤𝑤 ->                       𝜏𝜏𝑤𝑤 = 1
𝑘𝑘

ln(1
𝛽𝛽

)



Comparison of the CSTR and 
the PFR

𝜏𝜏𝑤𝑤𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶 =
1
𝑘𝑘

1 − 𝛽𝛽
𝛽𝛽

𝜏𝜏𝑤𝑤𝑃𝑃𝑃𝑃𝐶𝐶 =
1
𝑘𝑘 ln(

1
𝛽𝛽)



Mixed-Flow Reactor (MFR)

A mixed-flow reactor is one in which both advection and 
diffusion/dispersion are important. It means that a plug of dye 
introduced at one end will  “spread out” as it passes through the 
reactor. 



Mixed-Flow Reactor (MFR)
The mass balance is a combination of terms resulting in:

∆𝑉𝑉
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

= 𝑈𝑈𝐴𝐴𝑐𝑐𝜕𝜕 − 𝑈𝑈𝐴𝐴𝑐𝑐 𝜕𝜕 +
𝜕𝜕𝜕𝜕
𝜕𝜕𝑥𝑥

∆𝑥𝑥 − 𝐸𝐸𝐴𝐴𝑐𝑐
𝜕𝜕𝜕𝜕
𝜕𝜕𝑥𝑥

+ 𝐸𝐸𝐴𝐴𝑐𝑐
𝜕𝜕𝜕𝜕
𝜕𝜕𝑥𝑥

+
𝜕𝜕
𝜕𝜕𝑥𝑥

𝜕𝜕𝜕𝜕
𝜕𝜕𝑥𝑥

∆𝑥𝑥 − 𝑘𝑘∆𝑉𝑉 ̅𝜕𝜕

Leading to 
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

= −𝑈𝑈
𝜕𝜕𝜕𝜕
𝜕𝜕𝑥𝑥

+ 𝐸𝐸
𝜕𝜕2𝜕𝜕
𝜕𝜕𝑥𝑥2

− 𝑘𝑘𝜕𝜕

or at steady state:

0 = −𝑈𝑈
𝑑𝑑𝜕𝜕
𝑑𝑑𝑥𝑥

+ 𝐸𝐸
𝑑𝑑2𝜕𝜕
𝑑𝑑𝑥𝑥2

− 𝑘𝑘𝜕𝜕



Mixed-Flow Reactor (MFR)

Assuming the solution has the form: 𝜕𝜕 = 𝑟𝑟λ𝑥𝑥

This can be substituted into (0 = −𝑈𝑈 𝑑𝑑𝑐𝑐
𝑑𝑑𝑥𝑥

+ 𝐸𝐸 𝑑𝑑2𝑐𝑐
𝑑𝑑𝑥𝑥2

− 𝑘𝑘𝜕𝜕) to give

𝐸𝐸λ2 − 𝑈𝑈λ − 𝑘𝑘 = 0
When solve for, the λ’s are

λ1
λ2

=
𝑈𝑈
2𝐸𝐸

1 ± 1 + 4η 𝑤𝑤𝑤𝑟𝑟𝑟𝑟𝑟𝑟 𝜂𝜂 = 𝑘𝑘𝐸𝐸/𝑈𝑈2

the general solution is: 
𝜕𝜕 = 𝐹𝐹𝑟𝑟λ1𝑥𝑥 + 𝐺𝐺𝑟𝑟λ2𝑥𝑥





Application of the PFR Model to 
Streams: Point Source

Just as the CSTR is the fundamental model for a lake, the PFR is the 
fundamental model for a stream. 

This section emphasizes how a plug-flow model can be applied to 
analyze two types of sources: point and distributed loadings



Point Source

This case will focus on a point-source loading injected into a channel. 
For the initial concentration c0, we begin with a flow mass balance:

𝑄𝑄 = 𝑄𝑄𝑤𝑤 + 𝑄𝑄𝑟𝑟
And then proceed to develop the mass balance:

0 = 𝑄𝑄𝑤𝑤𝜕𝜕𝑤𝑤 + 𝑄𝑄𝑐𝑐𝜕𝜕𝑟𝑟 − 𝑄𝑄𝑤𝑤 + 𝑄𝑄𝑟𝑟 𝜕𝜕0
that can be solved for:

𝜕𝜕0 =
𝑄𝑄𝑊𝑊𝜕𝜕𝑤𝑤 + 𝑄𝑄𝑟𝑟𝜕𝜕𝑟𝑟
𝑄𝑄𝑤𝑤 + 𝑄𝑄𝑟𝑟

Or (because W=Qwcw)

𝜕𝜕0 =
𝑊𝑊 + 𝑄𝑄𝑟𝑟𝜕𝜕𝑟𝑟
𝑄𝑄𝑤𝑤 + 𝑄𝑄𝑟𝑟



Point Source



Point Source
In some cases the waste source has a relatively small flow and high 
concentration, whereas the river has a relatively high flow and small 
concentration….

𝑄𝑄𝑟𝑟 ≫ 𝑄𝑄𝑤𝑤
and 

𝜕𝜕𝑟𝑟 ≪ 𝜕𝜕𝑤𝑤
For theses cases the following approximation holds.

𝜕𝜕0 =
𝑊𝑊 + 𝑄𝑄𝑟𝑟𝜕𝜕𝑟𝑟
𝑄𝑄𝑤𝑤 + 𝑄𝑄𝑟𝑟

𝜕𝜕0 =
𝑊𝑊
𝑄𝑄𝑟𝑟



Point Source





Distributed Source

The distributed source is one that enters a water body in a diffuse 
manner (contributing mass), along its length (if for a channel). In its 
simplest type, it would enter as a uniform distributed source.

Incorporated into a steady-state mass balance,

0 = −𝑈𝑈
𝑑𝑑𝜕𝜕
𝑑𝑑𝑥𝑥

− 𝑘𝑘𝜕𝜕 + 𝑆𝑆𝑑𝑑
If c = c0 at x =0, then

𝜕𝜕 = 𝜕𝜕0𝑟𝑟
−𝑘𝑘𝑈𝑈𝑥𝑥 +

𝑆𝑆𝑑𝑑
𝑘𝑘

(1 − 𝑟𝑟−
𝑘𝑘
𝑈𝑈𝑥𝑥)



Distributed Source





Application of the MFR Model 
to Estuaries

The mixed-flow system is the fundamental model for one-dimensional 
estuaries. In this section, we emphasize how mixed-flow model can be 
applied to analyze point and distributed loadings. 



MFR: Point Source



MFR: Point Source

We focus now on the case of a system with a point-source loading into 
a channel having constant characteristics. For simplicity assume the 
loading does not add significant low.

Using the same approach of the mixed flow reactor previously, the 
general solution is: 

𝜕𝜕 = 𝐹𝐹𝑟𝑟λ1𝑥𝑥 + 𝐺𝐺𝑟𝑟λ2𝑥𝑥

where the λ’s are
λ1
λ2

=
𝑈𝑈
2𝐸𝐸

(1 ± 1 + 4η)



MFR: Point Source

The constants can be evaluated at the boundary conditions. 
𝜕𝜕 = 0 @ 𝑥𝑥 = −∞
𝜕𝜕 = 0 @ 𝑥𝑥 = ∞

Applying these boundary conditions:
𝜕𝜕1 = 𝜕𝜕0𝑟𝑟λ1𝑥𝑥 𝑓𝑓𝑟𝑟𝑟𝑟 𝑥𝑥 ≤ 0

𝜕𝜕2 = 𝜕𝜕0𝑟𝑟λ2𝑥𝑥 𝑓𝑓𝑟𝑟𝑟𝑟 𝑥𝑥 > 0
For the case where the waste load produces negligible flow:

𝑊𝑊 + 𝑈𝑈𝐴𝐴𝜕𝜕1 0 − 𝐸𝐸𝐴𝐴
𝑑𝑑𝜕𝜕1
𝑑𝑑𝑥𝑥

0 − 𝑈𝑈𝐴𝐴𝜕𝜕2 0 + 𝐸𝐸𝐴𝐴
𝑑𝑑𝜕𝜕2
𝑑𝑑𝑥𝑥

0 = 0



MFR: Point Source

For the case where the waste load produces negligible flow:

𝑊𝑊 + 𝑈𝑈𝐴𝐴𝜕𝜕1 0 − 𝐸𝐸𝐴𝐴
𝑑𝑑𝜕𝜕1
𝑑𝑑𝑥𝑥

0 − 𝑈𝑈𝐴𝐴𝜕𝜕2 0 + 𝐸𝐸𝐴𝐴
𝑑𝑑𝜕𝜕2
𝑑𝑑𝑥𝑥

0 = 0

Substituting in previous Eq. (𝜕𝜕1 = 𝜕𝜕0𝑟𝑟λ1𝑥𝑥, 𝜕𝜕2 = 𝜕𝜕0𝑟𝑟λ2𝑥𝑥 ) yields
𝑊𝑊 + 𝑈𝑈𝐴𝐴𝜕𝜕0 − 𝐸𝐸𝐴𝐴λ1𝜕𝜕0 − 𝑈𝑈𝐴𝐴𝜕𝜕0 + 𝐸𝐸𝐴𝐴λ1𝜕𝜕0 = 0

which  can be solved for:

𝜕𝜕0 =
𝑊𝑊
𝑄𝑄

1
1 + 4η

where η = k E/U2.



MFR: Point Source

𝜕𝜕0 =
𝑊𝑊
𝑄𝑄

1
1 + 4η

Therefore the final solution is

𝜕𝜕 =
𝑊𝑊

𝑄𝑄 1 + 4η
𝑟𝑟
𝑈𝑈
2𝐸𝐸 1+ 1+4η 𝑥𝑥 𝑥𝑥 ≤ 0

𝜕𝜕 =
𝑊𝑊

𝑄𝑄 1 + 4η
𝑟𝑟
𝑈𝑈
2𝐸𝐸 1− 1+4η 𝑥𝑥 𝑥𝑥 ≥ 0





MFR: Distributed Source
The following solution for the case of a distributed load is presented below for a first-
order decaying substance into an advective/dispersive system.

𝜕𝜕 =
𝑆𝑆𝑑𝑑
𝑘𝑘

1 + 4η − 1
2 1 + 4η

1 − 𝑟𝑟−
𝑈𝑈
2𝐸𝐸 1+ 1+4η 𝑎𝑎 𝑟𝑟

𝑈𝑈
2𝐸𝐸 1+ 1+4η 𝑥𝑥 𝑥𝑥 ≤ 0

𝜕𝜕 =
𝑆𝑆𝑑𝑑
𝑘𝑘

1 −
1 + 4η − 1
2 1 + 4η

𝑟𝑟
𝑈𝑈
2𝐸𝐸 1+ 1+4η 𝑥𝑥−𝑎𝑎 −

1 + 4η + 1
2 1 + 4η

𝑟𝑟
𝑈𝑈
2𝐸𝐸 1− 1+4η 𝑥𝑥

0 ≤ 𝑥𝑥 ≤ 𝑟𝑟



MFR: Distributed Source

𝜕𝜕 =
𝑆𝑆𝑑𝑑
𝑘𝑘

1 + 4η + 1
2 1 + 4η

1 − 𝑟𝑟
𝑈𝑈
2𝐸𝐸 1− 1+4η 𝑎𝑎 𝑟𝑟

𝑈𝑈
2𝐸𝐸 1− 1+4η (𝑥𝑥−𝑎𝑎)

𝑥𝑥 ≥ 𝑟𝑟
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