
Computer Methods 
(QUAL 2E)



Steady-State System Response 
Matrix

The steady-state mass balances for such systems are expressed as a set 
of linear algebraic equations. These equations are solved as:

𝐶𝐶 = 𝐴𝐴 −1 𝑊𝑊
Where {C}  = vector of unknown concentrations

{W} = vector of loadings
[A]-1= matrix inverse of the steady-state system response 

matrix



Steady-State System Response 
Matrix

A steady state mass balance for CBOD in segment “i" can be written as

0 = 𝑊𝑊𝐿𝐿𝐿𝐿 + 𝑄𝑄𝐿𝐿−1,𝐿𝐿 𝛼𝛼𝐿𝐿−1,𝐿𝐿𝐿𝐿𝐿𝐿−1 + 𝛽𝛽𝐿𝐿−1,𝐿𝐿𝐿𝐿𝐿𝐿 − 𝑄𝑄 𝛼𝛼𝐿𝐿,𝐿𝐿+1𝐿𝐿𝐿𝐿 + 𝛽𝛽𝐿𝐿,𝐿𝐿+1𝐿𝐿𝐿𝐿+1
+𝐸𝐸𝐿𝐿−1,𝐿𝐿

′ 𝐿𝐿𝐿𝐿−1 − 𝐿𝐿𝐿𝐿 + 𝐸𝐸𝐿𝐿,𝐿𝐿+1′ 𝐿𝐿𝐿𝐿+1 − 𝐿𝐿𝐿𝐿 − 𝑘𝑘𝑟𝑟𝐿𝐿𝑉𝑉𝐿𝐿𝐿𝐿𝐿𝐿

writing this equation for an n-segment system with appropriate upstream and 
downstream boundary conditions gives:

𝐴𝐴 𝐿𝐿 = {𝑊𝑊𝐿𝐿}
with a solution: 

𝐿𝐿 = 𝐴𝐴 −1{𝑊𝑊𝐿𝐿}



Steady-State System Response 
Matrix

with a solution: 
𝐿𝐿 = 𝐴𝐴 −1{𝑊𝑊𝐿𝐿}

Coefficients of [A} are examined: 
𝑎𝑎𝐿𝐿,𝐿𝐿−1 = 𝛼𝛼𝐿𝐿−1,𝐿𝐿𝑄𝑄𝐿𝐿−1,𝐿𝐿 − 𝐸𝐸𝐿𝐿−1,𝐿𝐿

′

Transport

𝑎𝑎𝐿𝐿,𝐿𝐿 = 𝛼𝛼𝐿𝐿,𝐿𝐿+1𝑄𝑄𝐿𝐿,𝐿𝐿+1 − 𝛽𝛽𝐿𝐿−1,𝐿𝐿𝑄𝑄𝐿𝐿−1,𝐿𝐿 + 𝐸𝐸𝐿𝐿−1,𝐿𝐿
′ + 𝐸𝐸𝐿𝐿,𝐿𝐿+1′ + 𝑘𝑘𝑟𝑟𝐿𝐿𝑉𝑉𝐿𝐿

Transport                                 Kinetics

𝑎𝑎𝐿𝐿,𝐿𝐿+1 = 𝛽𝛽𝐿𝐿−1,𝐿𝐿𝑄𝑄𝐿𝐿−1,𝐿𝐿 − 𝐸𝐸𝐿𝐿,𝐿𝐿+1′

Transport



Steady-State System Response 
Matrix
All the transport terms would identical regardless of the pollutant. The 
[A] matrix can be divided into two parts,

𝐴𝐴 = 𝑇𝑇 + [𝑘𝑘𝑟𝑟𝑉𝑉]

where [T] is a “transport” matrix identical to matrix [A] but containing 
only the transport terms, and [krV] is a square diagonal matrix 
containing the terms kriVi on the diagonal and 0 elsewhere.



Steady-State System Response 
Matrix

Writing a similar mass balance for deficit, however we write the mass 
balance slightly different: 

0 = 𝑊𝑊𝑜𝑜𝐿𝐿 + 𝑄𝑄𝐿𝐿−1,𝐿𝐿 𝛼𝛼𝐿𝐿−1,𝐿𝐿𝑜𝑜𝐿𝐿−1 + 𝛽𝛽𝐿𝐿−1,𝐿𝐿𝑜𝑜𝐿𝐿 − 𝑄𝑄𝐿𝐿,𝐿𝐿+1 𝛼𝛼𝐿𝐿,𝐿𝐿+1𝑜𝑜𝐿𝐿 + 𝛽𝛽𝐿𝐿,𝐿𝐿+1𝑜𝑜𝐿𝐿+1
+𝐸𝐸𝐿𝐿−1.𝐿𝐿

′ 𝑜𝑜𝐿𝐿−1 − 𝑜𝑜𝐿𝐿 + 𝐸𝐸𝐿𝐿,𝐿𝐿+1′ 𝑜𝑜𝐿𝐿+1 − 𝑜𝑜𝐿𝐿 − 𝑘𝑘𝑑𝑑𝐿𝐿𝑉𝑉𝐿𝐿𝐿𝐿𝐿𝐿
+𝑘𝑘𝑎𝑎𝐿𝐿𝑉𝑉𝐿𝐿 𝑜𝑜𝑠𝑠𝐿𝐿 − 𝑜𝑜𝐿𝐿 + 𝑃𝑃𝐿𝐿𝑉𝑉𝐿𝐿 − 𝑅𝑅𝐿𝐿𝑉𝑉𝐿𝐿 − 𝑆𝑆𝐵𝐵′ 𝐴𝐴𝑠𝑠𝐿𝐿

Writing this equation for an n-segment system with appropriate 
upstream and downstream boundary conditions gives

𝐵𝐵 𝑜𝑜 = 𝑊𝑊𝑜𝑜 + 𝑃𝑃𝑉𝑉 − 𝑅𝑅𝑉𝑉 − 𝑆𝑆𝐵𝐵′ 𝐴𝐴𝑠𝑠 + 𝑘𝑘𝐴𝐴𝑉𝑉𝑜𝑜𝑠𝑠 − {𝑘𝑘𝑑𝑑𝑉𝑉𝐿𝐿}



Steady-State System Response 
Matrix

𝐵𝐵 𝑜𝑜 = 𝑊𝑊𝑜𝑜 + 𝑃𝑃𝑉𝑉 − 𝑅𝑅𝑉𝑉 − 𝑆𝑆𝐵𝐵′ 𝐴𝐴𝑠𝑠 + 𝑘𝑘𝐴𝐴 𝑉𝑉𝑜𝑜𝑠𝑠 − {𝑘𝑘𝑑𝑑𝑉𝑉𝐿𝐿}
where 

𝐵𝐵 = 𝑇𝑇 + [𝑘𝑘𝑎𝑎𝑉𝑉]
by collecting terms, we write the resulting system of equations as

𝐵𝐵 𝑜𝑜 = 𝑊𝑊𝑜𝑜
′ − [𝑘𝑘𝑑𝑑𝑉𝑉]{𝐿𝐿}

where {W’o} is a matrix containing all external oxygen sources and sinks

𝑊𝑊𝑜𝑜
′ = 𝑊𝑊𝑜𝑜 + 𝑃𝑃𝑉𝑉 − 𝑅𝑅𝑉𝑉 − 𝑆𝑆𝐵𝐵′ 𝐴𝐴𝑠𝑠 + 𝑘𝑘𝑎𝑎𝑉𝑉𝑜𝑜𝑠𝑠

External Direct Photosynthesis Respiration SOD Reaeration
sources loading gain loss loss gain





The QUAL2E Model

QUAL 2E (enhanced QUAL-II model) is capable of simulating up to 15 
water quality constituents in dendritic streams that are well-mixed 
laterally and vertically. It allows for multiple waste discharges, 
withdrawals, tributary flows, and incremental (distributed) inflows and 
outflows.



The QUAL2E Model



QUAL2E 



Spatial Discretization and 
Model Overview

QUAL2E treats a river as a collection of reaches, each having homogenous hydrogeometric properties.

𝑉𝑉
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 =

𝜕𝜕 𝐴𝐴𝑐𝑐𝐸𝐸
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕 𝑑𝑑𝜕𝜕 −
𝜕𝜕 𝐴𝐴𝑐𝑐𝑈𝑈𝑐𝑐
𝜕𝜕𝜕𝜕 𝑑𝑑𝜕𝜕 + 𝑉𝑉

𝑑𝑑𝜕𝜕
𝑑𝑑𝜕𝜕 + 𝑠𝑠

Accumulation            Dispersion          Advection             Kinetics    External sources/sinks

where V = volume
c = constituent concentration
Ac = element cross-sectional area
E = longitudinal dispersion coefficient
x = distance
U = average velocity
s = external sources (positive) or sinks (negative) of the consitutuent



Transport

𝜕𝜕 𝐴𝐴𝑐𝑐𝐸𝐸
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕
𝑑𝑑𝜕𝜕 −

𝜕𝜕 𝐴𝐴𝑐𝑐𝑈𝑈𝑐𝑐
𝜕𝜕𝜕𝜕

𝑑𝑑𝜕𝜕

Dispersion          Advection

From the previous equation, we note that transport consists of two 
components: advection and dispersion. Advection refers to the 
movement of the constituent with water as it flows downstream, the 
latter relates to the spreading of the constituent due to shear.



Transport: Advection

QUAL2E model assumes steady, nonuniform flow. The term steady flow refers to 
flow that does not vary temporally. The term nonuniform flow means that it 
varies spatially. For this characterization a flow balance for element i can be 
written as: 

𝑄𝑄𝐿𝐿 = 𝑄𝑄𝐿𝐿−1 + 𝑄𝑄𝐿𝐿𝑖𝑖,𝐿𝐿 − 𝑄𝑄𝑜𝑜𝑜𝑜𝑜𝑜,𝐿𝐿 − 𝑄𝑄𝑒𝑒𝑒𝑒𝑎𝑎𝑒𝑒,𝐿𝐿

𝑄𝑄𝐿𝐿−1 ± 𝑄𝑄𝑥𝑥,𝐿𝐿 − 𝑄𝑄𝐿𝐿 = 0
where Qi-1 = flow from the upstream element

Qi = outflow from the element
Qx,i = lateral flow into (positive) or out of (negative) the element



Transport: Advection
Power Equations can be used to relate mean velocity and depth to flow

𝑈𝑈 = 𝑎𝑎𝑄𝑄𝑏𝑏
𝐻𝐻 = 𝛼𝛼𝑄𝑄𝛽𝛽

where H  = mean depth and a, b, 𝛼𝛼, 𝛽𝛽, are empirical constants that are determined 
from stage-discharge rating curves. Once velocity has been determined, the cross-
sectional area can be calculated from the continuity equation: 

𝐴𝐴𝑐𝑐 =
𝑄𝑄
𝑈𝑈

Manning Equation provides relationship between channel and flow

𝑄𝑄 =
1
𝑛𝑛
𝐴𝐴𝑐𝑐𝑅𝑅2/3𝑆𝑆𝑒𝑒

1/2

where  R= channel’s hydraulic radius and Se = slope of channel’s energy gradient line. 



Transport: Dispersion
The QUAL2E model uses the following relationship to compute dispersion as a 
function of the channel’s characteristics:

𝐸𝐸 = 3.11𝐾𝐾𝑛𝑛𝑈𝑈𝐻𝐻5/6

where E= longitudinal dispersion coefficient (m2s-1)
n= channel’s roughness coefficient (dimensionless)
U= mean velocity (mps)
H= mean depth (m)
K= a dispersion parameter (dimensionless)

and 

𝐾𝐾 =
𝐸𝐸
𝐻𝐻𝑈𝑈∗

where U* shear velocity (m s-1).



Kinetics
Here we focus on two constituents: carbonaceous BOD (CBOD) and dissolved oxygen.

𝑑𝑑𝐿𝐿
𝑑𝑑𝜕𝜕

= −𝐾𝐾1𝐿𝐿 − 𝐾𝐾3𝐿𝐿
and

𝑑𝑑𝑜𝑜
𝑑𝑑𝜕𝜕

= 𝐾𝐾2 𝑜𝑜𝑠𝑠 − 𝑜𝑜 − 𝐾𝐾1𝐿𝐿 −
𝐾𝐾4
𝐻𝐻

where L= carbonaceous BOD (mg L-1)
K1= BOD decomposition rate (d-1)
K3 = BOD settling rate (d-1)
o = dissolved oxygen concentration (mgL-1)
K2= reaeration rate (d-1) 
os= dissolved oxygen saturation concentration (mgL-1)
K4= sediment oxygen demand (g m-2 d-1)



Kinetics

Note that all K’s are corrected for temperature by:
𝐾𝐾 = 𝐾𝐾20𝜃𝜃𝑇𝑇−20

where K= rate at temperature T
K20= rate at 20°C
θ= temperature correction factor







Numerical Algorithm
We can discuss now how the model obtains solutions numerically. The equation 
(𝑉𝑉 𝜕𝜕𝑐𝑐

𝜕𝜕𝑜𝑜
=

𝜕𝜕 𝐴𝐴𝑐𝑐𝐸𝐸
𝜕𝜕𝑐𝑐
𝜕𝜕𝜕𝜕

𝜕𝜕𝑥𝑥
𝑑𝑑𝜕𝜕 − 𝜕𝜕 𝐴𝐴𝑐𝑐𝑈𝑈𝑐𝑐

𝜕𝜕𝑥𝑥
𝑑𝑑𝜕𝜕 + 𝑉𝑉 𝑑𝑑𝑐𝑐

𝑑𝑑𝑜𝑜
+ 𝑠𝑠) can be divided by volume and 

written as:

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

=
𝜕𝜕 𝐴𝐴𝑐𝑐𝐸𝐸

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

𝐴𝐴𝑐𝑐𝜕𝜕𝜕𝜕
−
𝜕𝜕 𝐴𝐴𝑐𝑐𝑈𝑈𝑐𝑐
𝐴𝐴𝑐𝑐𝜕𝜕𝜕𝜕

+ 𝑟𝑟𝜕𝜕 + 𝑝𝑝 +
𝑠𝑠
𝑉𝑉

observe that we have divided the kinetic into two separate terms
𝑑𝑑𝜕𝜕
𝑑𝑑𝜕𝜕

= 𝑟𝑟𝜕𝜕 + 𝑝𝑝
The first term denotes those reactions that are linearly dependent on 
concentration, the other denotes internal constituent concentrations.  



Numerical Algorithm

A general representation of QUAL2E element scheme is written as:

𝜕𝜕𝜕𝜕𝐿𝐿
𝜕𝜕𝜕𝜕

=
− 𝐴𝐴𝑐𝑐𝐸𝐸

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 𝐿𝐿−1

+ 𝐴𝐴𝑐𝑐𝐸𝐸
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 𝐿𝐿

𝑉𝑉𝐿𝐿
+

𝐴𝐴𝑐𝑐𝑈𝑈𝜕𝜕 𝐿𝐿−1 − 𝐴𝐴𝑐𝑐𝑈𝑈𝜕𝜕 𝐿𝐿

𝑉𝑉𝐿𝐿
Acc In Out In Out

Dispersion Advection
+ 𝑟𝑟𝐿𝐿𝜕𝜕𝐿𝐿 + 𝑝𝑝𝐿𝐿 +

𝑠𝑠𝐿𝐿
𝑉𝑉𝐿𝐿

First –order Internal External
reactions sources/sinks sources/sinks



Numerical Algorithm

Backwards differences can be used to approximate the spatial derivatives:
𝜕𝜕𝜕𝜕𝐿𝐿
𝜕𝜕𝜕𝜕

=
𝐴𝐴𝑐𝑐𝐸𝐸 (𝜕𝜕𝐿𝐿+1 − 𝜕𝜕𝐿𝐿)

𝑉𝑉𝐿𝐿∆𝜕𝜕𝐿𝐿
+

𝐴𝐴𝑐𝑐𝐸𝐸 (𝜕𝜕𝐿𝐿−1 − 𝜕𝜕𝐿𝐿)
𝑉𝑉𝐿𝐿∆𝜕𝜕𝐿𝐿

+
𝑄𝑄𝐿𝐿−1𝜕𝜕𝐿𝐿−1 − 𝑄𝑄𝐿𝐿𝜕𝜕𝐿𝐿

𝑉𝑉𝐿𝐿
+ 𝑟𝑟𝐿𝐿𝜕𝜕𝐿𝐿 + 𝑝𝑝𝐿𝐿 + 𝑠𝑠𝑖𝑖

𝑉𝑉𝑖𝑖
Finally a backward difference can be applied in time to yield

𝜕𝜕𝐿𝐿ℓ+1 − 𝜕𝜕𝐿𝐿ℓ

∆𝜕𝜕
=

𝐴𝐴𝑐𝑐𝐸𝐸 𝐿𝐿,𝐿𝐿+1(𝜕𝜕𝐿𝐿+1ℓ+1 − 𝜕𝜕𝐿𝐿ℓ+1)
𝑉𝑉𝐿𝐿∆𝜕𝜕𝐿𝐿

+
𝐴𝐴𝑐𝑐𝐸𝐸 𝐿𝐿−1,𝐿𝐿(𝜕𝜕𝐿𝐿−1ℓ+1 − 𝜕𝜕𝐿𝐿ℓ+1)

𝑉𝑉𝐿𝐿∆𝜕𝜕𝐿𝐿
+
𝑄𝑄𝐿𝐿−1𝜕𝜕𝐿𝐿−1ℓ+1 − 𝑄𝑄𝐿𝐿𝜕𝜕𝐿𝐿ℓ+1

𝑉𝑉𝐿𝐿
+ 𝑟𝑟𝐿𝐿𝜕𝜕𝐿𝐿ℓ+1 + 𝑝𝑝𝐿𝐿 + 𝑠𝑠𝑖𝑖

𝑉𝑉𝑖𝑖



QUAL2E Application
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