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PART 1: COMPLETELY MIXED SYSTEMS

This section is devoted to modeling well-mixed systems, including an 
overview of analytical and computer-oriented solution techniques and 
an introduction to reaction kinetics. 

Analytical approach: Linear models

Computer-oriented approaches: More complex systems 



WTP
WWTP

CITY

Critical concentration c (ML-3)

Waste loading W (MT-1)

Waste removed

An urban water-wastewater system. 
A water treatment plant (WTP) 
purifies river water for human 
consumption. A wastewater 

treatment plant (WWTP) removes 
pollutants from sewage to protect 

the receiving water. 



Desirable 
water use

Water-
quality 
model

Controls

Drainage 
basin c < cgoal

Desired concentration cgoal

Concentration c

No

Loadings W Yes



Mass and Concentration
The amount of pollutant in a system is represented by its mass. Such a property is 
an extensive property (e.g. heat, volume, also) and is additive. 

Intensive properties are normalized by a measure of system size :
𝑐𝑐 =

𝑚𝑚
𝑉𝑉

m = mass (M) and V = volume (L3), ratio representing “strength” of pollution

Concentration is conveniently expressed in metric units. 
1 × 103 𝑚𝑚𝑚𝑚 = 1 𝑔𝑔 = 1 × 10−3 𝑘𝑘𝑘𝑘

𝑚𝑚𝑚𝑚
𝐿𝐿

103𝐿𝐿
𝑚𝑚3

𝑔𝑔
103𝑚𝑚𝑚𝑚

=
𝑔𝑔
𝑚𝑚3



Prefixes

Prefix Symbol Value

kilo- k 103

hecto- h 102

deci- d 10-1

centi- c 10-2

milli- m 10-3

micro- μ 10-6

nano- n 10-9

SI (International System of Unites) prefixes commonly used in 
water-quality modeling



Mass and Concentration

This situation is further complicated because for the dilute aqueous 
solutions common in most surface waters, concentration is expressed 
on a mass basis. 

𝑔𝑔
𝑚𝑚3 =

𝑔𝑔
𝑚𝑚3 × 1 ⁄𝑔𝑔 𝑐𝑐𝑐𝑐3

𝑚𝑚3

106𝑐𝑐𝑐𝑐3 =
𝑔𝑔

106𝑔𝑔
= 1 𝑝𝑝𝑝𝑝𝑝𝑝

ppm stands for “parts per million”





Rates

Properties that are normalized to time are commonly referred to as 
rates.

Mass loading rates describe the mass of a pollutant m which is 
determined over a time period t:

𝑊𝑊 =
𝑚𝑚
𝑡𝑡

to,……, t1……, t2……., tn



Rates





Mathematical Models   c=f (W)
A mathematical model is an idealized formulation that represents the 
response of a physical system to external stimuli.  c= f(W; physics, chemistry, 
biology). A simple linear relationship is  𝑐𝑐 = 1

𝑎𝑎
𝑊𝑊

Implementations:
1. Simulation mode. System response

2. Design mode I.
𝑊𝑊 = 𝑎𝑎𝑎𝑎 (𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐)

3. Design mode II.

𝑎𝑎 =
𝑊𝑊
𝑐𝑐

(𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟 𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒)





Conservation of Mass and the 
Mass Balance

Empirical models (inductive, data based)

Mechanistic models (deductive, theoretical)
Conservation of mass (mass-balance equation)
𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 = 𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙 ± 𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 ± 𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟



𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 = 𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙 ± 𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 ± 𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟



Historical 
Development of Water 
Quality Models

Early modeling work focused 
on urban wasteload allocation.

Seminal work by Streeter and 
Phelps (1925) on Ohio River









Overview of the book

Part I Completely Mixed Systems
Part II Incompletely Mixed Systems
Part III Water Quality Environments 
Part IV Dissolved oxygen and bacteria
Part V Eutrophication
Part VII Toxic substance modeling
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