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Experiment



Experiment

As in the experiment for the DO sag, we repeat the experiment with 
the bottle open to the environment. 

The mass balances for BOD and dissolved oxygen can be written as

𝑉𝑉
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= −𝑘𝑘𝑑𝑑𝑉𝑉𝑑𝑑

and

𝑉𝑉
𝑑𝑑𝑜𝑜
𝑑𝑑𝑑𝑑

= −𝑘𝑘𝑑𝑑𝑉𝑉𝑑𝑑 + 𝑘𝑘𝑎𝑎𝑉𝑉 (𝑜𝑜𝑠𝑠 − 𝑜𝑜)



Experiment

Now before advancing further, we simplify the equation by introducing:
𝐷𝐷 = 𝑜𝑜𝑠𝑠 − 𝑜𝑜

where  D is called the dissolved oxygen deficit. Differentiating this gives:
𝑑𝑑𝐷𝐷
𝑑𝑑𝑑𝑑

= −
𝑑𝑑𝑜𝑜
𝑑𝑑𝑑𝑑

Then this is substituted into (𝑉𝑉 𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= −𝑘𝑘𝑑𝑑𝑉𝑉𝑑𝑑 + 𝑘𝑘𝑎𝑎𝑉𝑉 (𝑜𝑜𝑠𝑠 − 𝑜𝑜)):

𝑉𝑉
𝑑𝑑𝐷𝐷
𝑑𝑑𝑑𝑑

= 𝑘𝑘𝑑𝑑𝑉𝑉𝑑𝑑 − 𝑘𝑘𝑎𝑎𝑉𝑉 𝐷𝐷



Experiment

If at L = L0 and D = 0 at t =0, then the solution for BOD and oxygen becomes:
𝑑𝑑 = 𝑑𝑑0𝑒𝑒−𝑘𝑘𝑑𝑑𝑑𝑑

and

𝐷𝐷 =
𝑘𝑘𝑑𝑑𝑑𝑑0

𝑘𝑘𝑎𝑎 − 𝑘𝑘𝑑𝑑
(𝑒𝑒−𝑘𝑘𝑑𝑑𝑑𝑑 − 𝑒𝑒−𝑘𝑘𝑎𝑎𝑑𝑑)



Experiment



Point-Source Streeter-Phelps 
Equation

We model a stream with a single point source of BOD. The reach is at a steady-
state and is characterized by plug flow with constant hydrology and geometry. 
This is the simplest manifestation of the classic Streeter-Phelps Equation. 

0 = −𝑈𝑈
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

− 𝑘𝑘𝑟𝑟𝑑𝑑

and 

0 = −𝑈𝑈
𝑑𝑑𝐷𝐷
𝑑𝑑𝑑𝑑

+ 𝑘𝑘𝑑𝑑𝑑𝑑 − 𝑘𝑘𝑎𝑎𝐷𝐷

where  kr = kd + ks.



Point-Source Streeter-Phelps 
Equation

If L = L0 and D = D0 at t = 0, then these equations can be solved for:

𝑑𝑑 = 𝑑𝑑0𝑒𝑒
−𝑘𝑘𝑟𝑟𝑈𝑈 𝑥𝑥

and 

𝐷𝐷 = 𝐷𝐷0𝑒𝑒
−𝑘𝑘𝑎𝑎𝑈𝑈 𝑥𝑥 +

𝑘𝑘𝑑𝑑𝑑𝑑0
𝑘𝑘𝑎𝑎 − 𝑘𝑘𝑟𝑟

(𝑒𝑒−
𝑘𝑘𝑟𝑟
𝑈𝑈 𝑥𝑥 − 𝑒𝑒−

𝑘𝑘𝑎𝑎
𝑈𝑈 𝑥𝑥)

These equations constitute the classic  “Streeter-Phelps” model and are the 
equations behind the oxygen “sag”.



Deficit Balance at Discharge 
Point

Previously we introduced the dissolved oxygen deficit (𝐷𝐷 = 𝑜𝑜𝑠𝑠 − 𝑜𝑜), however this can 
introduce complications to determine the boundary concentrations at the mixing 
point due to temperature differences.

Oxygen saturation differs and simple deficit balance will introduce errors.

In systems where saturation changes longitudinally due to temperature, elevation of 
salinity variations, these error can arise (e.g. upland steams, estuaries).

The discrepancies are not great since the variations are not highly nonlinear over 
common ranges encountered. Dissolved oxygen is commonly directly simulated.   





Multiple Point Sources 

Now we investigate how multiple point sources can be 
simulated. We treat the river as a series of uniform 
reaches linked by boundary conditions.  Computation 
starts at the farthest upstream point where the 
boundary concentrations are specified. 

Each reach becomes boundary conditions for the next. 
If a boundary  is encountered, you may have parameter 
changes, or new point sources with different mass 
balances .







Analysis of the Streeter-Phelps 
Model 

For model calibration, we start to analyze the model by writing in terms of 
travel time: 

𝐷𝐷 = 𝐷𝐷0𝑒𝑒−𝑘𝑘𝑎𝑎𝑑𝑑 +
𝑘𝑘𝑑𝑑𝑑𝑑0
𝑘𝑘𝑎𝑎 − 𝑘𝑘𝑟𝑟

(𝑒𝑒−𝑘𝑘𝑟𝑟𝑑𝑑 − 𝑒𝑒−𝑘𝑘𝑎𝑎𝑑𝑑)

The critical travel time can be determined by differentiation, setting results to 
zero and solving:

𝑑𝑑𝑐𝑐 =
1

𝑘𝑘𝑎𝑎 − 𝑘𝑘𝑟𝑟
ln

𝑘𝑘𝑎𝑎
𝑘𝑘𝑟𝑟

1 −
𝐷𝐷0 𝑘𝑘𝑎𝑎 − 𝑘𝑘𝑟𝑟

𝑘𝑘𝑑𝑑𝑑𝑑0
The critical deficit can be determined as:

𝐷𝐷𝑐𝑐 =
𝑘𝑘𝑑𝑑𝑑𝑑0
𝑘𝑘𝑎𝑎

𝑘𝑘𝑎𝑎
𝑘𝑘𝑟𝑟

1 −
𝐷𝐷0 𝑘𝑘𝑎𝑎 − 𝑘𝑘𝑟𝑟

𝑘𝑘𝑑𝑑𝑑𝑑0

− 𝑘𝑘𝑟𝑟
𝑘𝑘𝑎𝑎−𝑘𝑘𝑟𝑟



Analysis of the Streeter-Phelps 
Model 

We simplify now by assuming that D0 is zero. Then the previous equations reduce 
to :

𝑑𝑑𝑐𝑐 =
1

𝑘𝑘𝑎𝑎 −𝑘𝑘𝑟𝑟
ln
𝑘𝑘𝑎𝑎
𝑘𝑘𝑟𝑟

and                                                 𝐷𝐷𝑐𝑐 = 𝑘𝑘𝑑𝑑𝐿𝐿0
𝑘𝑘𝑎𝑎

𝑘𝑘𝑎𝑎
𝑘𝑘𝑟𝑟

− 𝑘𝑘𝑟𝑟
𝑘𝑘𝑎𝑎−𝑘𝑘𝑟𝑟

The critical time depends only on the removal rate and the reaeration rates. Plot tc
versus kr for various values of ka.
The magnitude of the critical deficit is linearly related to kd and L0. (decomposition)



Analysis of the Streeter-Phelps 
Model 



Calibration

In cases where the critical time and deficit are known, the previous 
relationships can be useful for calibration.

If the initial BOD and reaeration are predetermined, these equations can 
be used to calculate values for kd and kr.

𝑑𝑑𝑐𝑐 =
1

𝑘𝑘𝑎𝑎 −𝑘𝑘𝑟𝑟
ln
𝑘𝑘𝑎𝑎
𝑘𝑘𝑟𝑟

and                                         𝐷𝐷𝑐𝑐 = 𝑘𝑘𝑑𝑑𝐿𝐿0
𝑘𝑘𝑎𝑎

𝑘𝑘𝑎𝑎
𝑘𝑘𝑟𝑟

− 𝑘𝑘𝑟𝑟
𝑘𝑘𝑎𝑎−𝑘𝑘𝑟𝑟
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𝑑𝑑𝑐𝑐 =
1

𝑘𝑘𝑎𝑎 −𝑘𝑘𝑟𝑟
ln
𝑘𝑘𝑎𝑎
𝑘𝑘𝑟𝑟

and                              

𝐷𝐷𝑐𝑐 = 𝑘𝑘𝑑𝑑𝐿𝐿0
𝑘𝑘𝑎𝑎

𝑘𝑘𝑎𝑎
𝑘𝑘𝑟𝑟

− 𝑘𝑘𝑟𝑟
𝑘𝑘𝑎𝑎−𝑘𝑘𝑟𝑟

𝑘𝑘𝑎𝑎 = 3.93
𝑈𝑈0.5

𝐻𝐻1.5



Anaerobic Condition

The magnitude of BOD discharge can be so large that a stream can be 
devoid of oxygen.  In such cases, Streeter-Phelps can be modified.

Expressing the equations in terms of travel time, assuming that kd = kr, 
the model becomes: 

𝑑𝑑 = 𝑑𝑑0𝑒𝑒−𝑘𝑘𝑑𝑑𝑑𝑑

and 

𝐷𝐷 = 𝐷𝐷0𝑒𝑒−𝑘𝑘𝑎𝑎𝑑𝑑 +
𝑘𝑘𝑑𝑑𝑑𝑑0

𝑘𝑘𝑎𝑎 − 𝑘𝑘𝑑𝑑
(𝑒𝑒−𝑘𝑘𝑑𝑑𝑑𝑑 − 𝑒𝑒−𝑘𝑘𝑎𝑎𝑑𝑑)



Anaerobic Condition

The system goes anaerobic can be determined by solving for t with D = os. 
This must be done numerically and the solution amounts to finding the 
smallest root of:

𝑓𝑓 𝑑𝑑 = 𝐷𝐷0𝑒𝑒−𝑘𝑘𝑎𝑎𝑑𝑑 +
𝑘𝑘𝑑𝑑𝑑𝑑0

𝑘𝑘𝑎𝑎 − 𝑘𝑘𝑑𝑑
𝑒𝑒−𝑘𝑘𝑑𝑑𝑑𝑑 − 𝑒𝑒−𝑘𝑘𝑎𝑎𝑑𝑑 − 𝑜𝑜𝑠𝑠

Once that point is reach, oxygen depletion can no longer proceed at a rate of 
kdL. This will be limited by the rate at which oxygen passes across the air-
water interface via reaeration. i.e., 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= −𝑘𝑘𝑎𝑎𝑜𝑜𝑠𝑠



Anaerobic Condition

As oxygen is totally depleted, the reaction becomes zero-order, and using the 
initial condition that L = Li and t = ti, we calculate the BOD in the stretch from 
ti to tf as: 

𝑑𝑑 = 𝑑𝑑𝑖𝑖 − 𝑘𝑘𝑎𝑎𝑜𝑜𝑠𝑠(𝑑𝑑 − 𝑑𝑑𝑖𝑖)

Finally we determine the anaerobic zone ends. At this point,
𝑘𝑘𝑎𝑎𝑜𝑜𝑆𝑆 = 𝑘𝑘𝑑𝑑𝑑𝑑𝑓𝑓

Combining these equations yields:

𝑑𝑑𝑓𝑓 = 𝑑𝑑𝑖𝑖 +
1
𝑘𝑘𝑑𝑑

𝑘𝑘𝑑𝑑𝑑𝑑𝑖𝑖 − 𝑘𝑘𝑎𝑎𝑜𝑜𝑠𝑠
𝑘𝑘𝑎𝑎𝑜𝑜𝑠𝑠





𝐷𝐷 = 𝐷𝐷0𝑒𝑒
−𝑘𝑘𝑎𝑎𝑈𝑈 𝑥𝑥 +

𝑘𝑘𝑑𝑑𝑑𝑑0
𝑘𝑘𝑎𝑎 − 𝑘𝑘𝑟𝑟

(𝑒𝑒−
𝑘𝑘𝑟𝑟
𝑈𝑈 𝑥𝑥 − 𝑒𝑒−

𝑘𝑘𝑎𝑎
𝑈𝑈 𝑥𝑥)



Estuary Streeter-Phelps

For a dispersive system such as an estuary, the Streeter-Phelps 
equations can be written as:

0 = 𝐸𝐸
𝑑𝑑2𝑑𝑑
𝑑𝑑𝑑𝑑2

− 𝑈𝑈
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

− 𝑘𝑘𝑟𝑟𝑑𝑑

and 

0 = 𝐸𝐸
𝑑𝑑2𝐷𝐷
𝑑𝑑𝑑𝑑2

− 𝑈𝑈
𝑑𝑑𝐷𝐷
𝑑𝑑𝑑𝑑

+ 𝑘𝑘𝑑𝑑𝑑𝑑 − 𝑘𝑘𝑎𝑎𝐷𝐷



Estuary Streeter-Phelps

The solution for BOD is 
𝑑𝑑 = 𝑑𝑑0𝑒𝑒𝑗𝑗1𝑟𝑟𝑥𝑥 𝑑𝑑 ≤ 0
𝑑𝑑 = 𝑑𝑑0𝑒𝑒𝑗𝑗2𝑟𝑟𝑥𝑥 𝑑𝑑 ≥ 0

And for oxygen deficit is

𝐷𝐷 =
𝑘𝑘𝑑𝑑

𝑘𝑘𝑎𝑎 − 𝑘𝑘𝑟𝑟
𝑊𝑊
𝑄𝑄

𝑒𝑒𝑗𝑗1𝑟𝑟𝑥𝑥

𝛼𝛼𝑟𝑟
−
𝑒𝑒𝑗𝑗1𝑎𝑎𝑥𝑥

𝛼𝛼𝑎𝑎
𝑑𝑑 ≤ 0

𝐷𝐷 =
𝑘𝑘𝑑𝑑

𝑘𝑘𝑎𝑎 − 𝑘𝑘𝑟𝑟
𝑊𝑊
𝑄𝑄

𝑒𝑒𝑗𝑗2𝑟𝑟𝑥𝑥

𝛼𝛼𝑟𝑟
−
𝑒𝑒𝑗𝑗2𝑎𝑎𝑥𝑥

𝛼𝛼𝑎𝑎
𝑑𝑑 ≥ 0



Estuary Streeter-Phelps
where 

𝑑𝑑0 =
𝑊𝑊
𝛼𝛼𝑟𝑟𝑄𝑄

𝛼𝛼𝑟𝑟 = 1 + 4𝑘𝑘𝑟𝑟𝐸𝐸
𝑈𝑈2

𝛼𝛼𝑎𝑎 = 1 + 4𝑘𝑘𝑎𝑎𝐸𝐸
𝑈𝑈2

𝑗𝑗1𝑟𝑟
𝑗𝑗2𝑟𝑟

=
𝑈𝑈
2𝐸𝐸

(1 ± 𝛼𝛼𝑟𝑟)

𝑗𝑗1𝑎𝑎
𝑗𝑗2𝑎𝑎

=
𝑈𝑈
2𝐸𝐸

(1 ± 𝛼𝛼𝑎𝑎)





Estuary Streeter-Phelps

Derivations of Eq for Streeter-Phelps can determined

𝑑𝑑𝑐𝑐 =
ln 𝛼𝛼𝑟𝑟

𝛼𝛼𝑎𝑎
𝑗𝑗2𝑎𝑎
𝑗𝑗2𝑟𝑟

𝑗𝑗2𝑟𝑟 −𝑗𝑗2𝑎𝑎

𝐷𝐷 =
𝑘𝑘𝑑𝑑

𝑘𝑘𝑎𝑎 − 𝑘𝑘𝑟𝑟
𝑊𝑊
𝑄𝑄

𝑒𝑒𝑗𝑗2𝑟𝑟𝑥𝑥𝑐𝑐
𝛼𝛼𝑟𝑟

−
𝑒𝑒𝑗𝑗2𝑎𝑎𝑥𝑥𝑐𝑐
𝛼𝛼𝑎𝑎
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